A proper way of constructing the continuum contributions in light-cone QCD sum rules (LCQSR) is rigorously demonstrated. Specifically, we calculate the continuum corresponding to a typical OPE in LCQSR by properly combining the double dispersion relation with QCD duality. In the limit of zero external momentum, we impose that the sum rule be equivalent to the one using the single dispersion relation. This is found to be equivalent to an obvious constraint that subtraction terms should not contribute to final sum rule results. The continuum factor constructed in this way differs from the factor appearing in conventional LCQSR. We demonstrate that the difference substantially affects the extraction of hadronic parameters from the correlation function involving baryon currents.
I. INTRODUCTION
The QCD sum rule [1] is a framework widely used to investigate hadronic properties in terms of QCD degrees of freedom [2] . In this method, it is crucial to represent a correlation function through a dispersion relation. This is because QCD calculations of the correlation function can be done only in deep space-like regions but the hadronic parameter is defined by a nonanalytic structure lying on time-like regions. Through a dispersion relation, the calculated correlation function can be analytically continued to time-like regions and matched with the hadronic parameter.
Within the QCD sum rule framework, a correlation function with an external field is often considered to calculate meson-baryon couplings [3] [4] [5] [6] [7] [8] [9] , g D * Dπ and g B * Bπ [10] , and magnetic moments of baryons [11, 12] . At present, there are two methods in constructing QCD sum rules when an external field is present; the conventional approach relying on the shortdistance expansion and the light-cone sum rule [13] [14] [15] [16] based on an expansion along the light-cone. Within the conventional approach one can make an expansion over the small momentum of the external field and construct separate sum rules for the correlation function appearing at each order of the expansion. In this approach, however, there has been a controversy over which dispersion relation to use [17] [18] [19] . One can start either from the single-variable dispersion relation or from the double-variable dispersion relation, and the results seemed to depend heavily on which dispersion relation is used. [17] . Later, it was shown [20] that the two dispersion relations in the conventional sum rule give identical result provided that the spurious continuum appearing in the double dispersion relation is properly eliminated. The spurious continuum, which comes from subtraction terms, appears when QCD duality is naively imposed on the double dispersion relation. A safer way therefore is to start from the single dispersion relation.
This argument can be most effectively demonstrated by the following example of the two-point nucleon correlation function with a pion,
which is often used to calculate the pion-nucleon coupling. Here also, one can take the limit p → 0 and represent the correlator through the single dispersion relation. Or one may start from the double dispersion relation for the two momenta q and q − p, and take the limit p → 0 afterward. The discussion in Refs [17] [18] [19] suggests that the two methods, when naively applied, are not equivalent. To determine the right procedure, it is useful to apply the soft-pion theorem to Eq.(1) directly in the limit p → 0. Then Eq. (1) becomes
The right-hand side is the nucleon chiral-odd correlation function containing only one momentum. This must be represented by the single dispersion relation. No matter how we model the correlation function Eq. (1), we must reproduce this whenever we take the limit p → 0. Obviously the single dispersion relation approach satisfies this constraint trivially while the double dispersion case has to be checked carefully. In fact, it was noted in Ref. [20] that, when the double dispersion relation approach is naively used, one has to subtract out the spurious continuum to satisfy the constraint. It means that one should be careful in using the double dispersion relation. The appearance of the spurious continuum seems to be a general feature when the double dispersion relation is naively combined with QCD duality in constructing the continuum. It causes more serious problems in light-cone sum rules (LCQSR) in which the double dispersion relation is the only choice in representing correlation functions. In LCQSR, one keeps the external momentum finite and the correlation function contains two momenta. The doublevariable dispersion relation and subsequently the double Borel transformation must be used for the two finite momenta. What makes the discussion difficult in this case is that the OPE contains light-cone wave functions [21] as well as local condensates. Identifying the spurious continuum in imposing QCD duality is technically more involved because of the wave functions. Nevertheless, it is important to investigate this issue in existing LCQSR approaches and estimate how large changes this can cause in previous LCQSR predictions.
The purpose of this work is to provide a rigorous demonstration of how spurious continuum appears in LCQSR. An important aspect that is often neglected in the existing LCQSR framework is that in the limit of zero external momentum, a LCQSR must reproduce the result using the single dispersion relation. Indeed, we will show that it is precisely the spurious continuum that does not match this constraint. We then suggest a proper construction of the continuum that is not contaminated by the spurious terms. The continuum factor obtained in this way is slightly different from the usual factor appearing in LCQSR. We study how this difference changes previous results of LCQSR.
II. PROPER APPLICATION OF QCD DUALITY IN CONSTRUCTING THE CONTINUUM
Most LCQSR consider two-point correlation functions with an external field. As far as the OPE side is concerned, a difference from ordinary QCD sum rules is that LCQSR contains nonlocal operators whose matrix elements with an external fields define wave functions [21] of an external field. Likein ordinary QCD sum rules, the wave functions also describe nonperturbative nature of the QCD vacuum. The wave functions as well as local condensates constitute the OPE side in LCQSR. In fact, because of the wave functions, the usual LCQSR becomes mathematically quite involved, which makes it difficult to apply QCD duality correctly in constructing the continuum.
With the wave functions, a typical OPE that often appears in LCQSR takes the form [9]
Here D is the dimensionality of space. A wave function of the external field is denoted by ϕ(v). When the external field is a pion, ϕ(v) denotes the pion wave function while its argument v represents the fractional momentum carried by a quark inside the pion. The wave function is usually a polynomial in v (For the case of a pion external field, see Ref. [10] .),
Thus, it is sufficient to consider the case with ϕ(v) → v k . For notational simplicity, let us introduce
Since we are concerned with the duality issue in constructing the continuum in LCQSR, we focus on the OPE that contributes to the continuum. As the dimensionality of space D ∼ 4, the typical OPE, Eq. (3) has a pole at the zeros of A for n ≤ 1. So the OPE with n ≤ 1 should not contribute to the continuum. However, as we will discuss below, in usual light-cone sum rules, the term with n = 1 picks up continuum contribution, which does not make sense. We will come back to this point later.
− n is singular. In this case, however, one can expand around 2−D/2 ≡ ǫ → 0 [22] to separate a regular part from the singular part,
so that our trial OPE (with
We note here that the second term contains the singular coefficient Γ(ǫ). However, it is a simple power of A constituting the so called "subtraction terms" in QCD sum rules. To get a finite result from a sum rule, it is necessary to eliminate the second term. This is one important reason to apply the Borel transformation in the construction of a QCD sum rule, i.e., to eliminate the subtraction terms. There is a more important reason that the power of A should not be a part of final sum rule results. Even though the OPE is valid at large spacelike momenta p 2 1 , p 2 2 → −large, when it matches with hadronic parameters, it is crucial to analytically continue to timelike region. This is in fact the reason why one should represent a correlation function with a dispersion relation in QCD sum rules. In the analytic continuation, only the nonanalytic part of the OPE, which in our example is the logarithmic part, contributes to a sum rule. The power of A clearly is analytic in the continuation and should not contribute to a sum rule, not even to the continuum.
Another important constraint in constructing a LCQSR, as stressed above (see Eqs. (1) and (2) and the arguments surrounding them.) based on Ref. [20] , is that in the limit of zero external momentum, the sum rule must reproduce the one using the single dispersion relation. To check this constraint later, let us take the limit of vanishing external momentum p 2 1 = p 2 2 ≡ q 2 and calculate how the OPE Eq. (7) would appear in the single dispersion relation when the continuum is subtracted. This consideration is also instructive in understanding the general framework of QCD sum rules.
In this limit, we have p
and Eq. (7) becomes
Again, the coefficients of the powers of q 2 contain infinity. First, we need to determine the spectral density defined by the single dispersion relation,
No matter how we determine the spectral density, it should reproduce Π ope (q 2 ) through this integral. Anything belonging to the powers of q 2 in this checking must not contribute to a sum rule 1 . A simple way of determining the spectral density from Eq. (9) is by applying the two Borel transformations on it
which yields the spectral density for Eq. (8),
The OPE after subtracting out the continuum according to QCD duality is given by
where S 0 denotes the continuum threshold from which QCD duality is assumed to work. When S 0 = ∞, this integral precisely reproduces the OPE of Eq.(8) up to some subtraction terms. Our arguments surrounding Eqs. (1) and (2) suggest that this equation must be reproduced whenever we take the external momentum zero from a sum rule using the double dispersion relation. With this constraint in mind, we now move to the double dispersion relation case. Formal steps to take are similar to those in the single dispersion relation case. The double spectral density for the OPE of Eq. (7) is determined from the double dispersion relation
We emphasize that the spectral density is defined through the integral whose interval is 0 ∼ ∞. No matter how we determine the spectral density, it should reproduce the logarithmic part of Eq. (7) when it is put back to this integral with the interval 0 ∼ ∞. The terms 1 One may argue that Eq. (9) is not useful when lim s→∞ ρ ope (s) s = 0. However, a more general dispersion relation of the type
is found to give the same answer up to subtraction terms.
belonging to the subtraction terms in this checking should not contribute to the final sum rule.
Once a spectral density is determined from Eq. (13), it is a common practice in LCQSR to put this into the restricted integral (using QCD duality) within the interval 0 ∼ S 0 ,
Then, it is subsequently Borel transformed to make the final OPE side,
We will show that, in this prescription, there is spurious continuum coming from subtraction terms. To avoid this, one has to make sure that the spectral density reproduces the typical OPE of Eq. (7) via Eq. (13) 7). The duality must be imposed on only the parts that leads to the logarithmic term. In LCQSR, a common method of determining the spectral density is to apply the following Borel transformations on Eq. (13) [23] [24] [25] ,
For the logarithmic OPE in Eq. (7), this equation yields the spectral density of the form [10, 12, 16] ,
Note, because of the delta function, this spectral density lies along the line s 1 = s 2 . Following our suggestion, let us see if this spectral density, through Eq. (13), reproduces the logarithmic OPE that we had started with. This is a simple mathematical check that has to be satisfied. In substituting Eq. (17) into Eq. (13), we need to perform the integral
We perform the s 1 integration first by moving it inside the partial derivatives. A Feynman parameterization leads to
Here again, we have introduced A = vp
for a notational simplicity. For our purpose, it is instructive to perform the s 2 integration by parts successively and reduce the power of the denominator order by order. In this process, one eventually ends up with
The second term involving summation is powers of A. To illustrate that, first note that n ≥ 2, k ≥ 0 and 0 ≤ i ≤ k. The power in the numerator is always greater or equal to one. At the lower limit s 2 = 0 therefore, the second term at the lower limit is always zero. Also at the upper limit s 2 = ∞, the second term becomes powers of A whose coefficients are infinite due to the upper limit s 2 = ∞. This term at the upper limit is precisely of the same nature as the powers of A in Eq. (7), i.e. it belongs to the subtraction terms. In other words, under the analytic continuation to the time-like region of p , it does not pick up any nonanalytic structure (A is large but finite. Thus it never reach the pole at A = s 2 = ∞.). What is crucial in this expression is that when the spectral integral is naively restricted by QCD duality, the upper limit becomes s 2 = S 0 and the second term at the new upper limit s 2 = S 0 is no longer powers of powers of A anymore. Instead, it has a pole at A = S 0 , which obviously does not vanish even after taking the Borel transformation. Therefore, this contribution to a sum rule is spurious as it is from the subtraction terms.
Then, is the first term of Eq. (20) involving the s 2 integral sufficient to produce the logarithmic part of Eq. (7) under the integration? The answer is "yes". This can be easily seen by rewriting the numerator s
n−2 and making use of the binomial formula. That is, the double dispersion relation Eq. (13) is satisfied with this first term only. We do not need the second term with summation in reproducing the OPE that we had started with. It means, the second term with summation is spurious and its contribution to a sum rule is also spurious. QCD duality must be imposed only on the first term.
Another indication showing that the second term of Eq. (20) is spurious can be found from the constraint that Eq.(20) must reproduce the result of the single dispersion relation Eq.(12) if we take the external momentum to be zero. When the external momentum is zero, we have p As we have demonstrated, to construct light-cone sum rules correctly for the OPE of Eq. (7), we must take only the first term in Eq. (20) , restrict the integral below S 0 , and perform the Borel transformation. Then let us see how the OPE including the continuum subtraction looks like in this correct approach. Using the double Borel transformation formula [10] 
we obtain
where we have defined
The two Borel masses are often taken to be equal M
, so v 0 = 1/2. It means that in the final form of a LCQSR, QCD inputs contain the wave functions at the middle point ϕ(1/2), i.e., the probability for quark and antiquark to equally share the momentum of the external field. By directly performing the derivative − ∂ ∂β n−2 in Eq. (22), we obtain the main result of this work,
Here we have defined the continuum factor as
n is just the double Borel transform of the OPE Eq. (7) without the continuum subtraction. We stress that Eq. (24) is the correct expression to appear in the final sum rule when the continuum is properly subtracted for the OPE Eq. (7).
In contrast, in conventional light-cone sum rules, the OPE in their final form contains
One can see immediately from Eq. (25) that the continuum factor E 0 for n = 1 does not physically make sense. The corresponding Borel mass M 2 comes from the double Borel transform of the OPE [see Eq. (21) .],
When the external momentum is zero, then p
This OPE becomes −1/p 2 , which obviously does not contribute to the continuum. This fact in the limit of zero external momentum has to be recovered no matter what dispersion relation is used for the continuum with nonzero external momentum. Another way to see that Eq. (26) can not contribute to the continuum is by looking at the nonanalytic structure of the integrand. It lies along the line vp 26) can not pick up the continuum factor E 0 .
In fact, the formula Eq. (25) can be obtained from our approach by adding to our result the term i = k with s 2 = S 0 in the second term involving the summation in Eq. (20) . This additional (but spurious) term becomes
Under the double Borel transformation Eq. (21), this becomes
If this is added to our result Eq. (24), we exactly obtain Eq. (25) . This means, the usual LCQSR formula Eq.(25) contains spurious continuum 4 . As far as the mathematical forms are concerned, Eq. (25) differs from our formula Eq. (24) only slightly. For a given power of Borel mass (M 2 ) n , Eq. (25) has the continuum factor E n−1 while our formula Eq. (24) has E n−2 . As the difference lies in the continuum factor for a given power of the Borel mass, one can easily see from the final form of a LCQSR whether or not the sum rule contains the spurious continuum.
III. EFFECTS ON EXISTING SUM RULE ANALYSES
In this section, we discuss how the difference in the continuum factor changes the predictions of previous LCQSR predictions. The change will be most effective in the sum rules that use a high dimensional current, for example, the sum rule for nucleon magnetic moment [14] or the pion-nucleon coupling [9, 14] . Also it will probably affect the other baryonic sum rules such as Ref. [8, 12] . In these sum rules, the continuum threshold is about S 0 ∼ 2 GeV 2 corresponding to the Roper resonance. The leading term in the OPE after the Borel transformation contains the Borel mass M 6 . For this term, our result Eq. (24) suggests the continuum factor E 1 (x ≡ S 0 /M 2 ) = 1 − (1 + x)e −x while the conventional light-cone sum rules [9, 14] contain the factor E 2 = 1 − (1 + x + x 2 /2)e −x . For a typical Borel mass M 2 ∼ 1 GeV 2 , E 1 ∼ 0.6 while E 2 ∼ 0.32, about half of E 1 . For an OPE with M 4 , our continuum factor is E 0 ∼ 0.86 while the usual light-cone gives E 1 ∼ 0.6, about 30 % lower. For an OPE with M 2 , our continuum factor is one but the usual light-cone contains E 0 ∼ 0.86, about 14 % lower. Thus, Eq. (25) overly suppresses the perturbative contributions to the correlator. When a sum rule depends heavily on the perturbative terms, a huge sensitivity to the continuum threshold is inevitable. In that case, our finding can cause substantial changes in the sum rule predictions.
The first example is the calculation of the nucleon magnetic moments [14] . We simply take Eq. (14) of Ref. [14] and reproduce the fig.2 of Ref. [14] as denoted by the solid lines in Fig.1 (a) . When the sum rule is changed according to our prescription, E 1 → E 0 and E 0 → 1, we obtain the dashed lines in Fig.1 (a) . Depending on the continuum factors, we clearly obtain the quite different Borel curves. One may argue from this figure that the solid curves look quite stable against the variation of the Borel mass while the dashed curves do not. Correcting the continuum makes the prediction worse. However, the stability of the solid curves comes purely from the continuum factor not from the cancellation with the power corrections, and the prediction here is also not stable against the continuum variation. To show this, we plot the leading term of the OPE without the continuum factor in fig.1 4 One may wonder if there are similar poles at the continuum threshold in usual QCD sum rules using the single-variable dispersion relation of Eq. (9) . In this case, one can directly integrate Eq. (12) and prove that there is no such a pole.
(b) by the dashed line (denoted by f 1 ). The magnitude of the rest of the OPE lies around 0.7 and it is not shown in this figure as it is not crucial in our discussion. As a reference curve, we again plot the Borel curve (solid line) for F p 2 . The dashed curve is already larger than the total OPE (the solid line indicated by F p 2 ) for M 2 ≥ 1.1. The usual (but incorrect) continuum factor reduces the curve substantially as shown by the dot-dashed line (denoted as f 1 E 1 in Fig.1 (b) ), which overly suppresses the perturbative part. The degree of suppression depends on the Borel mass but there is more than 50 % reduction for M 2 ≥ 1 GeV 2 , which comes only from a simple modeling of higher resonance contributions. Even if we restrict the continuum contribution to be below 50 % level, we can not get a Borel window around 1 GeV 2 indicating that there is a huge sensitivity to the continuum threshold. On the other hand, as shown by the other dot-dashed curve (denoted by f 1 E 0 ), our prescription does not overly suppress the perturbative part. Then, does this mean that the sum rule fails in this case ? There are two ways to answer this. One way is to study the higher power corrections, which will change the Borel curves at low mass region. This may help to flatten the dashed line in Fig.1 (a) . More important corrections can be expected from the nucleon wave function at the middle point that appears in the leading term of the OPE. Taking the asymptotic value for this as in Ref. [24] is not unanimous at this point. In fact, the asymptotic value is the largest possible one. By taking a smaller number, one can certainly expect a Borel curve with a smaller slope.
Another example is the pion-nucleon coupling calculation using the nucleon two-point correlation function with a pion within the light-cone sum rule approach [9, 14] ,
Ref. [14] constructed light-cone sum rules for the iγ 5 / p and iγ 5 / q/ p Dirac structures 5 from the correlation function Eq. (29). They use the experimental pion-nucleon coupling g πN ∼ 13.5 to calculate the twist-2 pion wave function at the symmetric point ϕ π (1/2). The solid lines in Fig.2 qualitatively reproduce the result of Ref. [14] . When the continuum factors are changed according to our prescription Eq. (24), we obtain the dashed curves which are substantially lower than the solid curves, again showing huge changes of the sum rule results.
Later, the OPE calculation for the iγ 5 / p sum rule of Ref. [14] has been improved by Zhu et.al [9] who claimed that there are missing OPE terms in Ref. [14] . Even there, the spurious continuum is huge. We simply take the formula Eq. (23) of Ref. [9] and reproduce the fig.2 of Ref. [9] for ϕ π (1/2) ∼ 1.5 as shown by the thick solid curve in Fig.3 (S 0 = 2.25 GeV 2 ). But, if we use a slightly higher continuum threshold S 0 = 2.75 GeV 2 , we obtain the thin solid line. As we expected, the sensitivity to the continuum is huge and the result of Ref. [9] is not conclusive. When the continuum factors are corrected according to our formula Eq. (24), we obtain the thick dashed curve, from which we can not say that their result ϕ π (1/2) ∼ 1.5 is consistent with the pion-nucleon coupling g πN ∼ 13.5.
Again, the Borel stability of the solid curve comes purely from the incorrect continuum subtraction of the leading OPE. The leading OPE without the continuum is a rapidly growing function of M 2 . It is already 27 at M 2 ∼ 1 GeV 2 . With the incorrect continuum, the leading OPE is brought down to about 10 at M 2 ∼ 1 GeV 2 . Thus, a poor modeling of the continuum is responsible for about a factor of 3 suppression and it is natural to have a huge sensitivity of the result to the continuum threshold. Of course again, our prescription does not provide a stable Borel curve either. But it should be remembered that these curves are obtained by using the asymptotic value for the twist-2 pion wave function at the middle point, ϕ π (1/2) ∼ 1.5. According to Chernyak and Zhitnitsky [21] , this value should be highly suppressed from its asymptotic value. The leading OPE is proportional to ϕ π (1/2) and it is possible to obtain a stable Borel curve by reducing this value. To show this, in Fig.2 , we also plot the thick dot-dashed line using ϕ π (1/2) ∼ 0.7. Compared with the dashed curves, the Borel curves become much flatter. The sensitivity to the continuum threshold now becomes much weaker as can be seen from the thin dot-dashed line. The obtained sum rule is, however, not satisfactory in predicting the pion-nucleon coupling strength. The reason for this may be found from the fact that this sum rule is highly dominated by the leading perturbative term over a broad range of the Borel mass. By shifting ϕ π (1/2) from 1.5 to 0.7, we are effectively changing the leading OPE by one half 6 . Under this change, the Borel curve undergoes a huge change not only in the high Borel mass region but also in the low region like M 2 ∼ 0.5. This indicates that this sum rule is mostly dominated by the leading perturbative term and the power corrections are almost negligible even in low Borel mass region. Determining a physical parameter from such a highly perturbative sum rule is an ill-defined problem to begin with. The higher dimensional OPE in an ideal sum rule should dominate at the low Borel mass region but this sum rule does not show this feature. To make a reliable prediction for the coupling from this sum rule, it is important to study the power corrections more precisely.
As we have shown in these two examples, correcting continuum factors change the previous light-cone sum rule substantially. Failure to reproduce the known phenomenological parameters indicates that QCD inputs such as the twist-2 pion wave functions and the nucleon wave function at the middle point need to be reexamined. Similar changes can be expected from other light-cone sum rules using baryon currents [8, 12] . Therefore, it is important to re-analyze previous light-cone sum rules using the continuum factors that we are proposing in this work.
In summary, QCD duality and its proper use in light-cone QCD sum rules have been demonstrated in the work. Specifically by closely looking into QCD duality and its use in the double dispersion relation, we have explicitly isolated the spurious contributions in LCQSR. They are spurious because (1) they belong to subtraction terms in the dispersion relation, (2) they contribute to sum rules only when QCD duality is naively imposed in the dispersion integral, and (3) in the limit of zero external momentum, they are precisely the terms that do not match with the one using the single dispersion relation. We then have suggested the proper continuum factors to appear in the sum rules for a given OPE. It has been found that the continuum factor is mathematically slightly different from the usual factor appearing in LCQSR, but its consequences are found to be enormous. It has been demonstrated that very different conclusions can be obtained due to this modification. fig.2 . of Ref. [14] . The dot-dashed lines are when the continuum factors are corrected according to our claim in the text. (b) shows the leading term in the OPE (dashed line indicated by f 1 ) without the continuum, with our continuum factor (dot-dashed line indicated by f 1 E 0 ) and with the usual light-cone continuum factor (dot-dashed line indicated by f 1 E 1 ). Also shown by the solid line is the total OPE following Ref. [14] 0. The pion-nucleon coupling Borel curves according to Ref. [9] . The thick solid curve reproduces the result of Ref. [9] while the thick dashed curve is obtained when the continuum factor is corrected according to our prescription. The corresponding thin curves show the sensitivity to the continuum threshold. The dot-dashed curves are obtained when the twist-2 pion wave function ϕ π (1/2) = 0.7 is used. 
